The main goal of this article is to study a new class of nonlocal operators and the Cauchy problem for certain parabolic-type pseudodifferential equations naturally associated with them. The fundamental solutions of these equations are transition functions of Markov processes on an n-dimensional vector space over the p-adic numbers. We also study some properties of these Markov processes, including the first passage time problem.
Introduction
Markov processes on ultrametric spaces have been of strong interest in the last years due their connections with models of complex systems. These processes are very convenient to describe phenomena where the display of space states exhibits a hierarchical structure, see e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and the references therein. Frauenfelder, Parisi, and Stain, among others [9, 15] , proposed to describe the states of complex biological systems with a natural hierarchical organization using ultrametric spaces. Avetisov et al. have constructed models of ultrametric diffusion constrained by hierarchical energy landscapes, see [1] [2] [3] [4] [5] [6] . From a mathematical point of view, the structure of the space of configuration states of a complex system is approximated by an ultrametric space p (see Definition 2.1). On the other hand, the time-evolution of a complex system can be described by a parabolic-type pseudodifferential equation in p . This master equation controls the time-evolution of the transition function of a Markov process.
The first author et al. [17] introduced a class of nonlocal operators determined by radial functions and solved the associated Cauchy problem. Furthermore, they associated a Markov process to each operator and studied the related problem of the first return. This problem was studied first in dimension one by Avetisov, Bikulov and Zubarev [2] . Then the authors treated the same problem in dimensions 2, 3 and 4 for elliptic forms [18, 19, 20, 21] .
In this article, we introduce an operator class in arbitrary dimension, that unlike the one introduced in [17] , is determined by non-radial functions and includes the elliptic operators studied in [12, 19, 22] (see Definition 3.2) . We also solve the Cauchy problem for the master equations attached to these operators (see Theorem 4.6) . Moreover, we attach to each of these operators a Markov process (random walk) which is bounded and has no discontinuities other than jumps (see Theorem 5.8) . Finally, we study the first passage time problem (see Theorem 6.9).
The article is organized as follows: In Section 2 we review the basic notions of p-adic analysis, and in Section 3 we introduce a new type of nonlocal operators. Given an operator, we study the Cauchy problem for its master equation in Section 4 and its Markov process in Section 5. Finally, Section 6 is devoted to the first passage time problem for the previous Markov process.
Preliminaries
In this section we collect the basic results on p-adic analysis which will be used in this work. For a detailed exposition on this theory the reader may consult [11, 23, 24] .
The field of p-adic numbers Throughout this article p will denote a prime number different from 2. We consider the field of rational numbers endowed with the p-adic norm | · | p , which is defined as
where a and b are integers coprime with p. The integer γ := ord(x), with ord(0) := +∞, is called the p-adic order of x.
Definition 2.1. The field of p-adic numbers p is defined as the completion of with respect to | · | p .
With an abuse of notation, we keep denoting by | · | p and ord the natural extensions of the previous norm and order to p . In particular, the relation |x| p = p −ord(x) holds for any x ∈ p \ {0}. In addition, we extend the order and norm to n p by taking ord(x) := min 1 i n {ord(x i )} and
A non-zero p-adic number x has a unique representation as a Laurent series in p given by
Using this expansion, we define the fractional part {x} p of x ∈ p , as the rational number
for the ball of radius p γ with center at a = (a 1 , . . . , a n ) ∈ n p . We also write B γ n (0) := B n γ . Note that B 0 n (0) = n p , is the product of n copies of the ring of p-adic integers n . If A ⊆ n we denote by 1 A (x) the characteristic function of A. If A = B 0 n we write Ω(
The Bruhat-Schwartz space
A complex-valued function ϕ defined on n p is called locally constant if for any x ∈ n p there exist an integer l (x) ∈ such that
A function ϕ : n p → is called a Bruhat-Schwartz function (or a test function) if it is locally constant with compact support. The -vector space of Bruhat-Schwartz functions is denoted by S( n p ) := S. For ϕ ∈ S( n p ), the largest of such numbers l = l (ϕ) satisfying (1) is called the exponent of local constancy of ϕ. The set of all distributions (linear functionals) on S( n p ) is denoted by S ( n p ) := S .
Set χ p (y) = exp(2πi{y} p ) for y ∈ p . The map χ p (·) is an additive character on p , i.e. a continuous map from p into the unit circle satisfying that χ p (y 0 + y 1 ) = χ p (y 0 )χ p (y 1 ), for y 0 , y 1 ∈ p .
Given ξ = (ξ 1 , . . . , ξ n ) and x = (x 1 , . . . , x n ) ∈ n p , the Fourier transform of ϕ ∈ S( n p ) is defined as
where ξ · x := n j =1 ξ j x j , and d n x is the Haar measure on n p normalized by the condition Vol(B 0 n ) = 1. The Fourier transform is a linear isomorphism from S( n p ) onto itself satisfying ( ( ϕ))(ξ ) = ϕ(−ξ ).
The
A New Class of Nonlocal operators over n p Let be the -vector space of all functions ϕ : n p → , such that there exists a ball B l n , with l depending only on ϕ, and ϕ (x + x ) = ϕ (x) for any x ∈ B l n .
Notice that S( n p ) ⊂ . We identify any element of with a distribution on Definition 3.1. Let g (ξ ) ∈ n p [ξ 1 , . . . , ξ n ] be a non-constant polynomial. We say that g (ξ ) is an elliptic polynomial of degree d , if it satisfies the following two conditions: (i) the polynomial g (ξ ) is homogeneous of degree d , and (ii) g (ξ ) = 0 if and only if ξ = 0.
We note that if g (ξ ) is elliptic, then c g (ξ ) is also elliptic for any c ∈ * p . Furthermore, there are infinitely many elliptic polynomials cf. Note that if g (ξ ) is an elliptic polynomial of degree d , then g (ξ ) ∈ A( n p ). Example 3.3. Let λ, µ ∈ * p be different and not squares. Then f β : 2 p → p given by
with degrees of homogeneity d 1 and d 2 , respectively, and d 1 > d 2 , then the function g β : n p → p given by
Proof. The result is clear for ξ = 0. Let ξ = 0, we write ξ = p γ ξ 0 , with ξ 0 p = 1 and γ = ord(ξ ). Since f is homogeneous of degree d , then
Since | f | p is continuous and U := { x ∈ n p | x p = 1} is a compact subset,
and this values are attained on U , for this reason,
Given ϕ ∈ S, positive constants k, α and a function f ∈ A( n p ), we define
When f is an elliptic quadratic form and n = 2, 3 and 4, the operator W f was studied in [19] and [22] . These operators are well-defined because the 
for any l ∈ and any α > 0.
Lemma 3.5. The linear operator W f : → is well-defined. Moreover, from W f arises a pseudodifferential operator, namely
Proof. Let ϕ ∈ and l its parameter of locally constancy. Note that
Thus, by using taking Fourier transform (in S ) we obtain
Since supp( ϕ) ⊂ B − n l and ϕ ∈ S , it follows that
By Young's inequality the first term on the right-hand side of (5) belongs to L ρ ( n p ), and by (2) the second term in (5) also belongs to L ρ ( n p ). Thus W f : S( n p ) → L ρ ( n p ) is a well-defined linear operator and gives rise to a pseudodifferential operator, 
Some additional results
Lemma 3.7. There exist positive constants C 1 , C 2 , such that
Proof. We write ξ = p γ ξ 0 , with γ = ord(ξ ) and ξ 0 p = 1. Then
By making the following change of variables
and using the homogeneity of f , one gets
, Thus, we have that 
The following corollary will be very useful when we use Lebesgue's Dominated Convergence Theorem. , for 1 ρ < ∞ and t > 0.
Proof. By Lemma 3.7
Let m be an integer such that p m−1 t α , for t > 0.
Heat Kernels
In this section we study the asymptotic properties for the heat kernels.
For t > 0 and x ∈ n p we define a heat kernel as the function
for t > 0. When considering Z(x, t ) as a function of x for t fixed we will write Z t (x). 
Proof. 
The Cauchy Problem
In this section we use the theory of semi-groups on Hilbert spaces to solve the inhomogeneous and homogeneous Cauchy problems associated with the operator W f .
The operator W f satisfies the properties
The operator W f extends to an unbounded and densely defined operator in L 2 ( n p ) with domain
is positive and self-adjoint operator.
(iii) W f is the infinitesimal generator of a contraction C 0 bounded semigroup ( (t )) t 0 .
Proof. (i) It follows from Lemma 3. 
where (6), and n u : n p × [0, ∞) → is an unknow function. We at a function u(x, t ) [0, ∞), L 2 ( n p ) say th is a solution of (7), if u(x, t ) ∈ C 1 ∩ C [0, ∞), Dom (W f ) and u satisfies (7) for all t 0.
In this section, we understand the notions of continuity in t , differentiability in t , and equalities in the L 2 ( n p ) sense, as it is customary in the semigroup theory.
From Proposition 4.1 we have that the operator W f generates a C 0 semigroup ( (t )) t 0 , so the Cauchy problem (7) is uniquely solvable with the solution continuously dependent on the initial data, and its solution is given by u(x, t ) = (t )u 0 (x), for t 0, see e.g., [28, Theorem 3.1.1]. However the general theory does not give an explicit formula for the semigroup ( (t )) t 0 . In order to prove that for t > 0 the operator (t ) coincides with the operator of convolution with the heat kernel Z t * · , we first construct, without using the semigroup theory, a solution of Cauchy problem (7) with the initial value u 0 (x) ∈ S( n p ). Then we extend the result to all initial values from Dom (W f ), see Propositions 4.3 and 4.5.
Homogeneous equations with initial values in S( n p )
Let us define the function
Since u 0 ∈ S( n p ) ⊂ L ∞ ( n p ) and Z t (x) ∈ L 1 for t > 0, then the convolution exists and it is a continuous function. (i) u (x, t ) is continuously differentiable in time for t 0, and its derivative is given by 
(ii) u(x, t ) ∈ Dom (W f ) for any t 0, and
Proof. The proof is similar in spirit to one given for Lemma 6.1 in [18] .
The following result is a direct consequence of Lemma 4.2.
Proposition 4.3. If u 0 ∈ S( n p ) and t 0, then u (x, t ) = Z t (x) * u 0 (x) is a solution of Cauchy problem (7) .
Homogeneous equations with initial values in
Lemma 4.4. For any fixed t 0, the operator T (t ) : L 2 ( n p ) → L 2 ( n p ) defined by the formula:
is bounded.
Proof. For t > 0, the result follows from Young's inequality by using the fact that Z t ∈ L 1 ( n p ), c.f. Theorem 3.9 (iii).
Proposition 4.5. The semigroup ( (t )) t 0 (see Proposition 4.1 (iii)) coincides with (T (t )) t 0 (see (9) ). Moreover, the Cauchy problem (7) is well-posed with solution u(x, t ) = Z t * u 0 , for t 0.
Proof. The operators (t ) and T (t ) are bounded and defined on the whole L 2 ( n p ) (Lemma 4.4) and by continuity we have that (t ) = T (t ) on L 2 ( n p ), since (t )| S = T (t )| S (Proposition 4.3) . The affirmation follows from results of the semigroup theory, see e.g., [ 
Non-homogeneous equations
Consider the following Cauchy problem:
A solution of (10 is given by a function u(
) such that u(x, t ) satisfies equation (10) for t ∈ [0, T ].
Theorem 4.6. Assume that g ∈ C [0, ∞), L 2 ( n p ) ∩ L 1 (0, ∞), Dom (W f ) and let u 0 ∈ Dom (W f ) be given. The function
is the unique solution of (10).
Proof. The result follows by using some well-known results of the semigroup theory, see e.g., [28, Proposition 4.1.6] and Proposition 4.5.
Finally, we conclude that the heat kernel Z t (x) is a positive function. 
If u(x, t ) < 0, then there exist x 0 ∈ n p and t 0 ∈ (0, T ] such that
This implies that (W f u)(x 0 , t 0 ) 0, and
is the solution of Cauchy problem, we have that
Thus (W f u)(x 0 , t 0 ) = 0, then by (3), u(x, t 0 ) is constant, and by (11) we have u(x, t 0 ) ≡ 0, which contradicts (12) .
Markov Processes Over n p
We will denote by ( n p ) the σ-algebra of the Borel sets of n p . Following the notation in [29], we denote by 0 the family of subsets of n p formed by finite unions of disjoint balls and the empty set. By Carathéodory's Theorem we conclude that if µ is a σ-finite measure on 0 , then there is a unique measure on ( n p ) (also denoted by µ) extending µ.
Remark 3. By Lemma 4.7, we have that p t (x, ·) 0 for all t 0 and x ∈ n p , we also know that
The following lemma is a consequence of above remark and Lemma 5 in [29].
Lemma 5.2. p t (x, ·), t 0, x ∈ n p , is a measure on ( n p ).
Lemma 5.3. p t (x, n p ) = 1, for all t 0 and x ∈ n p . Proof. This is a direct consequence of Definition 5.1. (ii) M(E). For each ε > 0 and compact E ⊂ n p ,
Proof. L(E). By using the compactness of E, there exists a ball B N n such that E ⊂ B N n and thus 
now by Lebesgue's Dominated Convergence Theorem, The First Passage Time Problem
In this section we study the first passage time problem of a path of the Markov process T(t , ω).
By Proposition 4.3 the function
is a classical solution of
Now, for E ∈ ( n p ) we define
This q t (x, E) is a transition function of a Markov process T(t , ω). Thus, there exists a probability space (Y, F, P ) and T(t , ·) : (Y, F, P ) → ( n p , ( n p , d n x)) is a random variable for each t > 0. Note that P ω ∈ Y : T(0, ω) ∈ n p = q 0 (0, n p ) = 1.
Definition 6.1. The random variable τ n p (ω) : Y → + ∪ {+∞} defined by inf{t > 0 | T(t , ω) ∈ n p and there exists t s.t. 0 < t < t and T(t , ω) ∈ / n p } is called the first passage time of a path of the random process T(t , ω) entering the domain n p .
Lemma 6.2. If u(x, t ) = Z t (x) * Ω( x p ) for t 0, then u(x, t ) is pointwise differentiable in t , furthermore its derivative is given by
Proof. The proof is a straightforward application of Lebesgue's Dominated Convergence Theorem. 
Funciones no radiales, operadores no locales y procesos de Markov sobre números p-ádicos
Resumen: El objetivo principal de este artículo es estudiar una nueva clase de operadores no locales y el problema de Cauchy para ciertas ecuaciones diferenciales de tipo parabólico asociadas naturalmente con ellos. Las soluciones fundamentales de estas ecuaciones son funciones de transición de procesos de Markov en un espacio vectorial n-dimensional sobre los números p-ádicos. También se estudian algunas propiedades de estos procesos de Markov, incluyendo el problema del tiempo del primer retorno.
Palabras claves: procesos de Markov; análisis no arquimediano; operadores no locales; números p-ádicos.
Funções não radiais, operadores não-locais e processos de Markov sobre números p-ádicos
Resumo: O principal objetivo deste artigo é estudar uma nova classe de operadores não-locais e o problema de Cauchy para certas equações pseudodiferenciais de tipo parabólico naturalmente associadas a elas. As soluções fundamentais dessas equações são funções de transição dos processos de Markov em um espaço vetorial n-dimensional sobre os números p-ádicos. Também estudamos algumas propriedades desses processos de Markov, incluindo o problema do tempo do primeiro retorno.
Palavras-chave: processos de Markov; análise não-arquimediana; operadores não-locais; números p-ádicos.
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